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Flutter Analysis of Rotating Cylindrical Shells Immersed in a
Circular Helical Flowfield of Air

A. V. SRINTVASAN*
United Adreraft Corporation, East Hartford, Conn.

The aeroelastie stability of a long, thin cylindrical shell with the outer surface exposed to an
inviseid, helical flow of air is investigated. The cylinder behavior is described by elassical shell
equations, whereas the aerodynamic forces are described by the linearized potential theory.
The approach that is used herein examines the nature of stability of the system when the
system is ““slightly”’ perturbed from its initial equilibrium state. In this paper, numerical re-
sults are presented only for the special case of swirl flow around a nonrotating shell, i.e., the
axial flow velocity is set to zero. These results indicate that traveling wave type of flutter can
be caused by coalescence of backward and forward traveling waves. Two approximate theories

are presented and the results are compared.

Nomenclature

a = radius of cylindrical shell

b = radius of outer shell

c = velocity of sound in air

Gy = pa*(l —»)/E

Co = velocity of sound at the surface of shell

Cs- = velocity of sound at stagnation temperature

e1,62 = elements of determinant as defined in (B22)

F = real part of ¢

f = frequency of oscillation of shell in cycles per second

Ir = real part of f

fs = bench frequency of shell

fr = imaginary part of f

el = imaginary part of ¢

h = thickness of shell

i = (=1

L = linear operator

! = length of shell

M = reduced frequency parameter = aw/nC,

Meg = real part of M

M; = imaginary part of M

Mo = Mach number of flow in the tangential direction

Mx = Mach number of flow in the axial direction

M Q = aQ/ nCo

M = dimensionless torque

m = number of half waves in the axial direction

N, = dimensionless axial load on the shell

No = dimensionless radial load on the shell

n = number of circumferential waves

P = dynamic pressure

P,q = real and imaginary parts of the amplitude of p

r = radial coordinate

B = r/e

R = b/a

S2 = C2/Cy

t = time coordinate

U,0,W = displacement of an element of shell in the axial, tan-
gential, and radial directions, respectively

U V,W = velocity of fluid in the axial, tangential, and radial
directions, respectively

Us, Ve, Ws = steady-state U, V, and W

V; = velocity of fluid at the surface of the shell along the
tangential direction

Vi* = relative velocity

X,Y,Z = inertial coordinate system

a = h?/12q?

8 = nf + N\ — ot

£ = X/a
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ratio of specific heats of air

frequency of oscillation in radians/sec
angular velocity of shell in radians/sec
velocity potential

steady-state velocity potential
perturbed velocity potential
tangential coordinate
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Introduction

RAVELING wave type of vibrations observed in flexible
rotating shafts of thin-walled construction has been the
subject of considerable interest in the recent past. Arm-
strong et al.,' Macke,? DiTaranto.? and the present author*
have presented theories to explain the phenomenon of travel-
ing waves in cylindrical shells rotating about their longitudinal
axis. On the other hand, the problem of aeroelastic stability
of thin walled cylinders has been studied by Leonard and
Hedgepeth,® Miles,® Bolotin,” and recently by Dowell.# All
of these references on aeroelastic stability consider only an
axial flow on the surface of a nonrotating shell. The purpose
of this paper is to present an analysis that determines the
aeroelastic stability characteristics of a rotating cylindrical
shell subjected to a compressible fluid flowfield, which has
both axial and tangential velocities, i.e., the fluid flow is in
the form of a circular helix. The tangential velocity is as-
sumed to be the result of a vortex flow originating from an
outer shell.
In addition to the theoretical interest in a problem of this
nature, it is likely to find technical applications in the design
of rotor systems of jet engines.

Formulation

The mathematical model which forms the basis for this
analytical study is shown in Fig. 1. It consists of a thin, uni-
form, long eylindrical shell rotating about its longitudinal axis
in a compressible fluid. The fluid is assumed to be contained
within an annulus and swirling around the surface of shell in
the form of a vortex as it flows along the longitudinal axis.
Although the outer boundary of the annulus is assumed to be
rigid, the analysis can be extended to include flexibility of the
outer shell. Other important assumptions are summarized:
1) The usual assumptions that are made in linear, elastic thin
shell theory are applicable here. 2) The shell may be sub-
jected to constant external pressure, constant axial force
and/or torque at its ends. 3) The fluid is assumed to be a
continuum and an ideal gas with constant specific heats. 4)
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The fluid is assumed to be inviscid, nonconducting and any
effects such as those due to boundary layer, drag or friction
are neglected. 5) The flow is assumed to be irrotational and
isentropic.

The general approach that will be taken here is to examine
the stability of the cylindrical panel when it is “‘slightly per-
turbed” from its equilibrium position. An initial state for the
entire system serves as the reference state.

Under the assumptions previously stated, the equations
that govern the motion of the fluid may be written in terms of
the potential function &® as follows®:

@rz @9 4’09 @12

25_; + (1 27“1’1-: + _)g’_

(2,9 + Do) Py —

‘%‘I’ez)

2 Cx2) r 02 2

2 (@ q)xr + Qa:t + = 0 (1)

c?
(Subseripts denote differentiation with respect to the varia-
bles.)

A steady state (initial state for the fluid in equilibrium) for
the potential ®, ® = &+ may be assumed as the vortex flow
is characterized by the relation (radius X velocity) = con-
stant. Thus,

= A0 4+ UX 2
From Eq. (2), it is evident that W+ = 0. But '
= [(1/r)®y’] = A/r and Us = &2 = U

where Us, Vs, and W= represent the steady-state velocities
in the fluid along the axial, tangential, and radial directions.
The constant A may be determined by prescribing a velocity
for the fluid V; at the surface of the shell. Thus,

V=V r=q; V=V, — aQ
A = aV,* = V;*q0 + UX

A “slightly perturbed” state is represented by the potential
function ®(r,0,z,t), such that,

= & 4 ¢(r,0,2,0) 3

Substituting Eq. (3) into Eq. (1) and omitting all higher order
terms, lead to the differential equation in terms of the per-
turbed potential function ¢; i.e.,

2V %2 U2
¢rr+(1"“a02;2)90_0+( —2)¢“7_

2 (aV,*U L av+ 22 o | U¢u)
2 V *2 r £13
(i)t o

The slightly disturbed state of the shell may be represented
by the equations of motion in terms of the displacements u,v,w
as follows:

u 0
o ;} _ 3 0} ®.
w —p

where P, the aerodynamic pressure on the shell surface, is de-
termined by the well-known Bernoulli equation:

(p)r=a = —pPs (¢t + Z—ZVf*¢9 + U¢z)

o [Zwﬂ(lE; VZ)]

The linear operators L;; are shown in Appendix A.
The boundary conditions that are required to be satisfied by
the system may be stated as follows:

r=a
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Fig. 1 Coordinate system.

1) At the surface of the shell, the radial velocities measured
in the shell and the fluid shall be the same,

(0¢/0r)r—e = dw/dt )
2) At the outer boundary r = b, the radial velocity shall be
Z€10;
¢
(bT )r=b =0 (8)

The panel displacements u, v, and w are assumed to be the
following form:

u = 0 (92)
v = fei® (9b)
w = e (9¢)

B=n0+ N —wt AN=mma/l £=2/a (9d)

Consistent with the shell deflection functions is a velocity
potential of the form

¢ = g, G = $(r) (10)
Equations (4-10) constitute a well defined mathematical

boundary-value problem which has been solved by the
method presented in Appendix B.

Numerical Solution to the Problem

The parameters that describe the shell are radius, thickness,
length, material properties, axial and circumferential wave
numbers, rpm of the shell, and size of the annulus. The
parameters that describe the nature of the fluid are density,
ratio of specific heats, and velocity of sound in the medium
at a given temperature. As derived in Appendix B, for given
values of these shell and fluid parameters and for prescribed
axial and tangential flow velocities, the boundary-value
problem recently posed is completely solved when a frequency
parameter M = aw/nCo is found such that the condition,

(ér)r:a = D(é)r:a (11)
is satisfied.

It may be noted that a particular difficulty that arises at
once pertains to the choice of w. w being in general a complex
number, it would seem that there is no evident guess that can
be made regarding its real and imaginary parts. This ig in-
deed the case if the solution is to be found beyond the onset of
instability in order to determine the severity of flutter. How-
ever, prior to such an onset the imaginary part of @ may be as-
sumed to be zero under no damping conditions. The problem
would then reduce to the determination of frequencies which
define a neutrally stable condition for the aeroelastic system.

Such a condition may be determined as a special case of Eq.
(11),i.e.,

((ﬁr)r-:a +
21 4 o) = 8i)(1 — v)(Me — Mr)* ()=
(11 + &) — 8/n2][1 + ant — &] — (1 + an?)?}

) -
aQ

(12)
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where §; = C1Co*n2M2z/a? for the case of a nonrotating shell
with no axial waves and no external loads. In such a case,
the procedure is to assume a frequency and obtain a numerical
solution to the differential Eq. (4) subjected to the prescribed
boundary conditions. Thus ¢ and ¢, are obtained through-
out the entire field 1 £ B < R where the number R refers to
the outer boundary. ¢ and ¢, being thus availableat B = 1,

the expression (12) is checked. If it is satisfied, then the as-
sumed frequeney is the required frequency; otherwise, an
inerement on the frequency is assumed and the whole process
repeated until the desired value which satisfies Eq. (12) is
obtained.

In the general case, i.e., when the imaginary part of the fre-
quency is not zero, the numerical work involved is rather
cumbersome. The flutter condition in this ease reduces to
the requirement that the elements e, e; of a certain matrix (e)
be zero simultaneously, as explained in detail in Appendix B.
e1,e2 are functions of both the real and imaginary parts of the
frequency parameter. Therefore, it becomes necessary to
follow a systematic procedure to pinpoint that unique com-
bination of real and imaginary parts of the frequency which
resultsine; = es = 0. Such a procedure is outlined below:

1) Assume the Mach number close to the critical Mach
number (or close to the Mach number for which the solution
was last obtained).

2) Assume the real part of the trial frequency close to the
flutter frequency (or close to the frequency last obtained).

3) Assume several imaginary parts each of which is a cer-
tain percentage of the real part.

4) Compute e1,es and plot them as a function of the ratio
(imaginary part/real part) of the frequency.

5) If e; and ey are not zero for the same ratio assume a dif-
ferent real part and repeat steps (2-5) until the required
unique ratio is obtained.

It is necessary to observe that this procedure may be auto-
mated such that a graphical procedure may altogether be
eliminated. However, a question may be posed as to the
need for determinating the severity of flutter in a given design
problem. All that may be required in a design analysis may
be the critical Mach number and the associated frequency at
which a shaft is likely to flutter under given conditions.

Approximate Theories

A. Slender Body Theory

A major source of difficulty in flutter analysis is the problem
of predicting air forces resulting from vibrations of a strue-
ture. Several approximate theories are proposed in literature
which express the dynamic pressure in terms of local displace-
ments and their derivatives. For the problem under study
it was found that the so-called Slender Body Theory gave
qualitatively useful results. One of the principle advantages
of using such a simple theory is that the flutter problem re-
duces to a characteristic value problem. Thus, an examination
of the roots of the flutter determinant is enough to predict the
onset of instability. A detailed discussion of the application
of the Slender Body Theory to the two dimensional case (A =
0, U = 0) is given.

Assuming that the shell under consideration is long and
ignoring variation of any quantity along the axis, the flutter
problem is completely formulated by the partial differential
equations of motion shown below;

Cii — (L+ a)o” + 2C:Q — w + aw~ =0 (13a)
O + w + aw® — Nw™ — 20:Q + v — av +
N — C1Q%w + pa = 0 (13b)

where a = h%*/12a?, C1 = pa*(l — v?)/E, pa = p(l — vHa?/
Eh, () = 0/3t,( ) = d/00, Ny = membrane stress due to
rotation of shell, and @ = angular velocity of shell in ra-
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dians/sec. $, is the aeroelastic dynamic pressure which in-
fluences and is influenced by vibrations of the shell. It isevi-
dent that an expression for this pressure in terms of w and its
derivatives reduces the problem to an eigen value problem.
Slender Body Theory proposes the following expression for the
aerodynamic pressure acting on a circular cylindrical shell
whose surface is subjected to a fluid flow of velocity U along
its longitudinal axis:

Ps Uza
Pa =

n U ot

2
—I— — —> w(z,t) cosnO (14)
where n = number of circumferential waves and p; = density
of fluid. To be applicable to the problem of a rotating shell
under the action of a vortex flow of velocity V;, the previous
expression may be written in the form of

_pVi*af1 0 1 °_>2
pa = (a o6 T 7o) vOD (15)

Equation (14) is an approximation to the exact expression
for the pressure as shown by Dowell,® for incompressible flow.
Dowell comments that this expression “should probably be a
reasonable expression even for compressible flow at least up
through low supersonic Mach numbers.” Furthermore, for
the axial flow problem, Dowell and Widnall,* show that the
form of expression for the dynamic pressure reduces to the
so-called Slender Body form under the following assumption:
(a/1) = 0, n = 0, and axial velocity component is large. No
such direct reduction and therefore justification can be pro-
vided in the present problem because of the difficulty in ob-
taining analytical solutions to the governing equations.

For the problem under consideration where the fluid flow is
a vortex around the circumference of the shell, the assump-
tion is made that Eq. (14) is applicable in a slightly modified
form, as shown in Eq. (15). The modification is needed to
conform to the flow around the cylindrical shell and to take
into account the rotation of the shell. Admittedly, the ex-
pression is not rigorously proven to be applicable to this
problem and is, therefore, open to question. However, it was
found that the numerical results have value of a qualitative
nature.

The solution to Eqs. (13) is assumed to be of the form

v = 06 w = e B =n0 — wt (16)

Substitution of Eq. (16) into Eq. (13) yields the desired charac-
teristic equation as follows:

<1+C“~‘)—as(2v C“)—
h
— - Cga
[ 1k ant+ @ + 32 + w21 + @) (14 75) -

;—h Cs V;*”:I — @ [411,&_2(1 + an?) + 2008 —

2(1 4+ a)n?

h CJG*:I + [n2(1 + o) (ant +n2Q2 4+ 1 — Q%) —

(1 + a)naC;;Vf*z] =0

n? (1 + an?)? — n?Q2(1 + an?) — ha

(17

where & = (C)Y2,8 = (C)Y2Q, V/* = (C)V2V,*, C; =
ps/ p-

Numerical solution to the quartic in Eq. (17) is sought, and
the roots expressed in the form wz + 7w, are examined. The
nature of w;determines the onset of instability as e* (@ —wrt —iwrt)
= gim®—wrtipurt  Clearly for wr > 0 oscillations increase ex-
ponentially with time.
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B. Incompressible FI vy
COIY} ressible ow 0‘015" \ i 0
At low velocities, the assumptions of incompressible flow . g;g
are appropriate. Based on these assumptions an analytical 12 STABLE a =g
criterion for obtaining the characteristic frequencies may be 105 {UNSTABLE 1 h = 9.015"

derived which is simple and convenient for numerical evalua-
tion. As in Slender Body Theory, the numerical results
based on incompressible flow assumptions have been obtained
for the two-dimensional flow only. For low fluid velocities
these results compare favorably with those obtained from the
general theory presented in Appendix B.

It can be shown that the differential equation for the po-
tential ¢ reduces to

R Mg*2\ ¢ 2 Mg*\2 Sz .
bun (1 i) T+ (=S - R Je -0
1s)

If the flow is assumed to be incompressible, the following
simplifications are in order:

S2—1
1+ (Mg*2/S?RH)] —1 (19)
M — (Ms**/RH)]* <« 1/R?

With the aforementioned simplifications, the differential Eq.
(18) reduces to an equidimensional equation, i.e.,

érr + (¢2/R) — (n*/R¥)¢ = 0 (20)
for which the solution may be written as
¢ = CuR» + CpR ™ (21

Imposing the boundary condition at B = R, i.e. I:j;(l?) = 0,
it may be shown that Chy = CpR 2~

The equation which relates the amplitude of the shell dis-
placement with that of ¢ (1) may be obtained as a special case
of Eq. (B16) and may be shown to be

2 + @) — 8] [”C;S%’}:_/aﬂ_) (Mg — M)] $(1)

b = [Wa + o) = 8(1— & + an* + Nenz)]
—(n + an® + §)(n + an® + nNy + 6

(22)
deit = [KnCo(1 ~ v2)/(E/p,)(h/a)1(Ms* — M)$(1)
where 8, = (Cyn2Co2/a?) (M2 + Mg?)
8; = (Cin2Co/a®)2M M q

The other boundary eondition at B = 1 [see Eq. (B12)] re-
duces to

b(1) = nCo(Ms* — Min (23)
LN - ,12_002(1 — 1/2) . 2
~ (1) @ o) OiTa) K(Mg* — M) (29

which, in view of the solution in Eq. (21) reduces to a relatively
simple eriterion,

L EPC = v e (LE R ~
oy O~ M (FEE) +1- 0 )

The numerical procedure is direct and simple. A frequency
is assumed for given shell and fluid parameters, and expres-
§ion (25) is checked. If it is zero then the assumed frequency
is an eigenvalue. Otherwise a different frequency is as-
sumed and the process is repeated until the criterion is
satisfied.

As observed earlier, Slender Body Theory and Incompressi-
ble Flow Theory have been applied to the two-dimensional

£ =107 psI

) P = (2.6)10°4 #SEC2/IN4
) Pe= (7.59)10-T #SEC2/IN.4
2 V=033
0 e R - 1224
f, 0.015} 0.0175 o 21240 5EG
Mg
n= 2

NS o oo e

—_

Fig. 2 Slender body theory.

cage only (te A and U are set to zero in the General Theory).
However, it is clear that these approximations may be ex-
tended to the general case which ineludes axial traveling
waves in the shell and axial flow of air on the surface of the
shell. The results of such an extension will be presented in a
subsequent paper.

Results and Conclusions

As observed earlier, the use of an appropriate theory such
as Slender Body Theory to express the dynamic pressure re-
duces the flutter problem to a standard eigenvalue problem.
Thus, a characteristic equation is obtained, the solution of
which defines the frequencies at which the shell will tend to be
in stable, neutral, or unstable equilibrium. A plot of such
frequencies is shown in Fig. 2. At Mach 0, the backward and
forward waves have the same speed (4, A) and this frequency
is very close to the invacuo natural frequency of the shell.
Upon increasing the Mach number, there is an unsymmetric
distortion of the frequencies of backward and forward waves.
At a certain Mach number, denoted by the letter D, the speed
of the backward wave has approached zero, after which it
continues as a forward wave DF lagging behind the forward
wave AF. Both these waves coalesce at F. Up to, and in-
cluding I, the characteristic equation yields only real roots for
the wave speeds. Beyond F, a real part of the wave speed is
always accompanied by two equal and opposite (in sign)
imaginary parts. As the solution for all the shell displace-
ments is written as a traveling wave with the factor ¢?@® —«9 i
is clear that w; = O indicates neutrally stable condition,
wr > 0 indicates an unstable condition. The severity of in-
stability is determined by the magnitude of w; at a given air
speed.

Thus, a traveling wave-type of flutter caused by coalescence
of backward and forward waves is predicted. The point D
corresponds to divergence-type of instability. It is believed
that the latter may be shown to be a condition of weak in-
stability if structural damping is included in the formulation.

Circumferential traveling wave-type of vibrations may
develop in a rotor system under air flow. The resulting dis-
placement at any location at any time is the sum of the ampli-
tudes of backward and forward waves. Thus, backward and
forward waves may be considered as independent modes of
vibration, a linear combination of which provides the total
solution. It may then be theorized that a flutter point such as
F in Fig. 2 is simply the classical coalescence point at which
two modes of vibration, which are otherwise uncoupled,
merge. It should be noted that the waves in the direction of
flow (forward waves) tend to be unstable, and backward
traveling waves always tend to be stable. This stands to

.reason as the influence of an increasing air velocity can be

more effective and predominant on a wave in its own direc-
tion. This is believed to be the reason for the gradual reduc-
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tion in the speed of backward traveling waves. As the dy-
namic pressure is related to air speed, an inerease in the latter
results in an increase in pressure on the shell surface. This
phenomenon is believed to be the cause for a gradual fall in
the natural frequencies. In terms of a static analogy, the
flutter point F may be considered to be the point at which a
static instability (buckling) may be predicted.

Traveling wave-type of flutter has been previously observed
and reported by Dowell'* and Dugundji.!2 In his experi-
mentation on thin panels, Dugundji, et al., observed that 1)
“it appeared that definite flutter of a generally traveling
wave-type character was obtained for this panel’” and 2) “the
waves generally appeared to be traveling downstream, al-
though there seemed to be some ‘sticking’ or standing wave
components present near the center of the panel.” The
agreement between theory and experiment in the prediction of
the wave speed and frequency at flutter has been found to be
rather poor, whereas the prediction of flutter speed was gen-
erally good. Reference 12 is recommended for more details
in thisregard. Computations, based on the theory presented
here, indicate that the flutter frequency differs from the in-
vacuo natural frequency of the cylinder. It was observed
that this difference is smaller for larger 1/a ratios.

Figure 3 shows the manner in which the function e; varies
as the Mach number changes. At Mach 0, ¢; passes through
zero at a frequency very close to the invacuo natural fre-
quency characterized by the asymptote. Upon approaching
the critical Mach number, e, passes through 0 at two positive
values of {frequencies. Subsequently, at a Mach number very
close to the critical Mach number, e; passes through zero at
two frequencies which are very close to each other. Thus, the
frequencies at which e; passes through zero approach each
other as the Mach number approaches the flutter Mach num-
ber.

NOTE: FLUID AND SHELL PARAMETERS
SAME AS IN FIG. 2 -

1
0.022

— =M,
0.018

A COMPRESSIBLE FLOW THEORY | & . {994
O INCOMPRESSIBLE FLOW THEORY ‘
O SLENDER BODY THEORY

Fig. 4 Comparison of various theories.
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Figure 4 shows a comparison of the results obtained from
the general theory with those from the approximate theories.
The agreement between the general theory and incompressible
flow theory is excellent. This appeared to be generally true
for thin shells only (and, therefore, for low subsonic flutter
conditions). Slender Body Theory, in general, predicts a
higher Mach number and higher flutter frequency. This is
expected in view of the fact that there is no obvious way of in-
corporating the effect of the cavity size in Slender Body
Theory approach. Preliminary examination indicates that as
the cavity size increases, the results from the general theory
(and, also, the incompressible flow theory) tend towards
those obtained from Slender Body Theory.

It must be noted that the results (based on Compressible
Flow Theory) shown in Fig. 4 were obtained by setting the
imaginary part of the frequency of oscillation to zero. With
this assumption e, is identically zero and, therefore, only e, is
computed. But the analysis and numerical results presented
by Dowell® for axial flow on the surface of a cylindrical shell
clearly indicate the presence of a phase shift in w for com-
pressible flow for all flow regimes. However, it is interesting
to note from Ref. 8 that 1) the imaginary part associated with
one of the two traveling waves was very small prior to
coalescence and 2) the imaginary part associated with the
other wave was identically zero (and, therefore, neutrally
stable). For the axial flow problem the solutions can be
written in an analytical form and observations previously re-
ferred to could be made. For the problem of vortex flow pre-
sented in this paper, the approach being mainly numerical, it
is quite tedious to determine the imaginary parts associated
with the real parts. Therefore, a further assumption is made
that the imaginary parts prior to coalescence are so small that
they can be neglected in computing a ‘‘practical” flutter
boundary. Itisintended to make some typical computations
to verify this assumption. Tt is hoped that these computa-
tions will show the qualitative behavior of both the waves to
be identical to that observed for the axial low problem, i.e.,
1) prior to coalescence, the backward traveling waves are
lightly damped and the forward traveling waves are neu-
trally stable and 2) upon approaching coalescence the back-
ward traveling waves tend to be strongly stable while the for-
ward traveling waves tend to be strongly unstable.

Figure 5 illustrates the graphical procedure outlined earlier
to determine the ratio fi/fz beyond the flutter frequency.
As observed before, the method is rather cumbersome. The
ratio of f1/fr (for the example problem) at which both e; and e,
go to zero is found to be approximately 0.5 for an fz = 9.3.
Thus, it is clear that a strong instability is indicated for this
shell under the given conditions.

In all these calculations n = 2 was chosen because the
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Fig. 5 Variation of e;, e, with f;/fz.
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natural frequency of the shell has the lowest value for this .
For larger values of n, the flutter speeds tend to be larger.

Appendix A: Governing Equations of a Motion of
a Cylindrical Shell Rotating about its
Longitudinal Axis

Figure 1 shows a circular cylindrical shell and the coordinate
system used in this analysis. u, v, w represent the displace-
ments of an element of shell in the axial, tangential, and radial
directions. For a long, thin cylindrical shell subjected to ra-
dial dynamic pressure the dynamic behavior can be completely
determined by the solution of the three differential equations
of motion. These equations are written below in the form of
a matrix equation and include the effects of constant axial
force and torque applied at the ends of a shell.*?

U 0
[L];v z = % 0% (A1)
w —P

The linear operators L;; are represented below:

2 o * o o
L= Cr o "5 Yee T Vol

2 og
Ly = —(a; + N.)2*/0£00
Lis = (—v + Ny — N.)0/0¢
La = —(a: + N)22/0£00

2 2
Ln=cl(°——m>—(1+a)i—

o2 00?
[a(l + 22) + Z\'fac]aa—;2 - Magb;e
Ly = v/0¢
L = (1 “‘79)0% —201953}+ Mbb—s—

o o
@ (“3 500 T aT)a)

D2
Ly =G (— - 92) + (1 + av?) —

o
R YRR
Mo~ Neogp T Vo
Ci = pa?(1 — vd)/E a = h*/12q?

a=1-—1yy/2 M= MQ - v?)/Ena*h
as = 1+V/2 ]\_’g=Ng(1'—V2)/Eh
a3 =2 —yp N. = N.(1 — »)/Eh

Appendix B: Method of Solution

The differential equation in terms of the perturbed potential
function ¢ was shown in Eq. (4). The velocity of sound C in
the fluid medium is not constant. It is usually expressed in

terms of the velocity at stagnation temperature and potential
function as

C? = C& — [(v — 1)/2)[®2 + (®7/r®) + ®.%] (B1)

where 7 is the ratio of specific heats: i.e.

)

Cr =02 — [(v — V2NV + V2 + W) (BY
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Letting U, 7, W be the perturbed veloeities in the axial, tan-
gential, and radial directions,

U=U0U+T0T
V = VetV (B3)
W = W+W

With (B3) C? may be shown to be
C*/Co* = 1 + [(v — 1)/2]Me*%[1 — (1/R®)] (B4)

where Cy = C at the surface of the shell.

Letting Mo* = V,*/Cy; R =r/a, £ = x/a, 8 = C%/Co? and
M, = U/C,, the differential equation may be shown to reduce
to

M %2 Mz2
omnt (1= ) e+ (175 0
2 (Mg*Mx Me*a

S\ R % T R,

¢r | 1 Mg
R TR g -

M,
bo: + Toa ¢Et) +
0/2
SW ¢tt =0 (B5)
With ¢ = $(R)e®, Eq. (B5) reduces to
M 0*2) b=

brr + (1 + SR ) R

‘[mM ML) — ”ng’*]z 1

|

(v + 1%2)} $=0 (B6

where M, the Mach number of the traveling wave is defined
as M = aw/nCy;. M being in general complex (M = Mz +
tM;) Eq. (B6) is an ordinary linear differential equation
with variable, complex coefficients, i.e., it is of the form

érr + A(R)dr + {B(R) +iC(R)} =0  (B7)
where

AR) = [1 4+ (Me*/S*RH11/R

B(R) = {[(MR’ — M®n? + M2+ 2MmMeM, +

2 Mg*e _
R2

1
2 1% (Mg + )\M,)Mg*] G-

()@ + %:)} (BS)

oM 2
CR) = SZ’(nZMR + M, — T Mg*)

The pressure-veloeity potential relaticn, in accordance with
Bernoulli’s equation reads as

(P)r=a = —psld: + Vi*@a/r) s + Ud:lma  (BY)
which may be shown to reduce to
p = —ip/Cm/alM¢* — M — (M/n)M.]¢(1) (B10)

where $ is the amplitude of the dynamic pressure and (1)
represents the amplitude of the perturbed potential at r = a.
For use with the shell equations $ is needed. The latter is
obtained as

= [pa*(1 — v)/Eh
w)1/E/p; h/a} [Me* — M —
(Mn)M16(1)  (B13)

S

op = {[—inCy(1
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The boundary condition at r = a is

06\ _dv_dw  Virow L ow
($>r_., di o +a69+be

~A(Pr)r = nCy <Me* - M — %\Mz)'ﬁ) (B12)

At
r=2>b (Pr)rk =0 (B13)

Substituting the assumed solution u = 4e®, v = 7¢%, and
w = we', the equations of motion for the shell (A1) may be

written as
tr + 0 0
[A + iB]<dr + 20; = 0
dr + s —p
Let (B14)

[C + D] = [A +4B]™*

Then % = e + @ = (Cs + Dy)(—p) where the sub-
scripts 33 refer to the element in the third row and third
column of the inverse matrix. Thus,

i = —(Cs + Dy)ip (B15)
With (B11), 7 may be written as

—nCo(l — »?)
(E/ps)(h/a)

w =

A .
(B16)

(033 + iD33) (Mo*

Furthermore, with (B12), ¢z(1) and ¢(1) may be related as
follows:

s_ar = )2
(E’p)( h/) (Css + Dsy) (Me M an X

é=(1) +
$(1) =0 (BI7)

Equation (B17) may, therefore, be written as
(r)r<1 = D()r=1 (B18)

where D = Dz -+ 1D;, which is the required condition to be
satisfied at B = 1.

Dr = €[Css(Mp** — M%) + 2D3M p*M ]

(B19)
D1 = €[Dgy(Mp** — M%) — 203:Me*M/] ‘
—n2Ce?(1 — »?) A
€= —— ot Mg* = Mg* — Mz — -~ M,
(E/ps)(h/a) " o S

$ and ¢ at B = 1 may be obtained only when the solution to
the differential equation is available, subject to the boundary
conditions. As the boundary condition at B = 1 is reduced
t0 a relationship between ¢r and ¢ (B18), it is only necessary
to satisfy the condition at R = R.

The general solution to the differential Eq. (A2-7) may be
written as ¢ = a1 + a9, where ¢1 and ¢, are any two in-
dependent solutions. a; and a; are in general complex. ¢
and ¢ may be determined by prescribing the following
boundary conditionsat R = R:

¢1=1 ¢1'=0 ¢2=0 ¢2'=1 (B20)

Eqwever, it is clear that the second solution is not ad-
missible as ¢,’ = 0 at R = Thus the total solution is
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simply ¢ = a¢; with
¢(R) = F(R) + iG(&)
F 4G = .(Gm + ?:(111)(F1 + @Gl)

. F _ aip — a1y Fl

’ {Gll B [alo alR:Il =G1} 20
F'()) _ (D= —D:\ [FQ)
‘G'u): B (Dz Dx) {Gu) (B22)

Substituting (B21) for F and @ reduces (B22) to a system of
algebraic equations in a;z and a;;. The determinant of the
latter provides the condition necessary for the boundary
conditions at B = 1 to be satisfied. Such a determinant may
be shown to be

(F1' -~ DRF1 + DIGI)»I (—Gll + DIFl + DRGI)

=0
(@' — D/Fy — DrGi) (F' — DrFy — DiGh)
(B23)
which is of the form
@ a _ o (B24)
—€y €

Clearly this requires that e; and e; be zero simultaneously.
The numerical procedure is to 1) assume a trial frequency for
a given set of parameters, 2) integrate the differential equa-
tion with the prescribed boundary conditions at R = R, and
3) test if e; and e, are zero.  If not, steps 1-3 are repeated with
a new assumed frequency.
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